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ABSTRACT 
A Sturmian bisequence S is a subset of E such that the numbers of elements of S in any two inter- 
vals of equal engths differ by at most 1. A complementary t iple of bisequences is a set of three bi- 
sequences such that every integer belongs to exactly one bisequence. In the paper a question of Loeve 
is answered by giving a characterization f all complementary t iples of Sturmian bisequences. 
1. INTRODUCTION 
A Sturmian bisequence S is a subset of  7/such that for every integer n the 
numbers of  elements of  S in two n-blocks differ by at most 1. Here an n-block 
means a set o fn  consecutive integers. Sturmian bisequences were introduced by 
Morse and Hedlund in the context of  topological dynamics [6, 7]. Character- 
izations of  Sturmian bisequences can be found in Gottschalk and Hedlund [4], 
Coven and Hedlund [2] and Dulucq and Gouyou-Beauchamps [3]. Sturmian 
bisequences occur in various forms in number theory, geometry, optimal con- 
trol theory, language theory, theory of  finite automata,  physics and astronomy, 
see e.g. Series [9], Berstel [1] and S6bbold [8]. A Sturmian word is a map from 7/ 
to an alphabet consisting of  finitely many letters such that the inverse image of 
each letter is a Sturmian bisequence. Thus a Sturmian word represents a com- 
plementary set of  finitely many Sturmian bisequences. In this paper we shall 
characterize all Sturmian words with three different letters. 
The problem arose in the work of  Loeve [5, Ch. 8] who studied a special type 
of  Sturmian bisequences, namely { [o~m + flJ ]rn E 77} where c~ and /3 are ra- 
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tional numbers. Here Lx] denotes the integral part of x. She proved that for 
any rational number c~ with ~ >_ 2 there exist pairwise disjoint sets 
{ lc~m +/31j ]m c 7/}, { ~c~m +/32J ]m C 7/} and { LTm + 6J I m c l}  with union 
7/. She noted (p. 126) that in the Sturmian word with period bacabaa no two 
letters have the same densities and wondered whether there are more such 
cases. We prove in the present paper that it is the only exceptional case. Since 
various authors use different definitions, the paper is self-contained. I thank A. 
Hordijk for providing background material on Sturmian bisequences to me 
and the referee for his remarks. 
2. THE DENSITY OF A STURMIAN BISEQUENCE 
Let S be a subset of 2~. Denote by A(a,b;S) the number of elements m 
of S with a<m<b.  Then S is said to have density 0 if both 
l imN~((A(0 ,  N; S))/N) = 0 and limN~ oo((A(-N, 0; S))/N) = 0. The follow- 
ing result is due to Morse and Hedlund [7]. 
Lemma 1. Every Sturmian b&equence S has a density. 
Proof. It suffices to show that ~ aN {aN}N=I defined by =A(O,N;S)/N is a 
fundamental sequence. Let 0 < e < 1. Choose an integer t such that 2 t > 2/c. 
Let the number of elements of S in a block of length 2 t be k or k + 1. For 
N > M > 2t+z/e write Mt = LM2-tJ, Nt = LN2-tJ. Then 
laM oNI= A(O,M;S) A(O,N;S) 
M N 
_ 
A(O, Mt2t;S) A(O, Nt2t;S) 2' 
M N +M 
< Mtk Ntk 1 2 t k 1 2 t 
- M N +27+M-<M+27+M <c" [] 
Remark 1. Let S be a Sturmian set of density 0. Then for every n there exist 
n-blocks with at most nO elements of S and n-blocks with at least nO elements of 
S. Hence, if nO is not an integer, the number of elements of S in an n-block is 
[nOJ or [nO] where Ix] = -~-x J .  I f  nO is an integer then most n-blocks will 
contain exactly nO elements, but there may be n-blocks with nO + 1 elements or 
n-blocks with nO - 1 elements, but not both. 
Remark 2. It is obvious that the sum of the densities of a complementing set of 
Sturmian bisequences equals 1. 
3. COMPLEMENTARY PAIRS OF STURMIAN BISEQUENCES 
Note that the complement of a Sturmian bisequence is also a Sturmian bi- 
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sequence. Thus every Sturmian set induces a complementary pair of Sturmian 
bisequences, that means a Sturmian word with two different letters. 
4. COMPLEMENTARY TRIPLES WITH TWO OF EQUAL DENSITIES 
We can split a Sturmian bisequence into a pair of Sturmian bisequences of 
equal densities by putting the elements with odd index in one bisequence and 
with even index in the other. Indeed, if the number of elements of the original 
set in an n-block is k or k + 1, then the number of elements of a new set in an 
n-block is (k -  1)/2 or (k+ 1)/2 i f k  is odd and k /2  or (k/2) + 1 i fk  is even. 
So an obvious method to construct a complementary triple of Sturmian bi- 
sequences i to start with a Sturmian bisequence, to split it into two Sturmian 
bisequences and to combine these two with the complement of the original 
Sturmian bisequence. We claim that every complementary triple of Sturmian 
bisequences of which two have equal densities is of this type. 
Let $1, $2 and $3 be a complementary triple of Sturmian bisequences where 
both S~ and $2 have density 0. Note that S1 U $2 is the complement of $3 and 
therefore a Sturmian bisequence. I f the elements of $1 and $2 occur alternately, 
then the triple is of the claimed type. So suppose $1 has two elements m < m + n 
with no elements of $1 or $2 in between. Then $l has two elements in some 
(n + 1)-block and $2 has none. It follows that (n + 1)0 = 1. Hence $2 has at 
least one element in an (n + 2)-block. By considering the blocks (m - 2, m + n] 
and (m - 1, m + n + 1] we conclude that both m - 1 and m + n + 1 belong to $2. 
Since $3 is a Sturmian bisequence, we infer that a 2-block contains at most one 
element of $3 whence n equals 1 or 2. I f  n = 1, then 0 = ½ and $3 has density 0. 
I f  n = 2, then 0 = ½ and $3 has density 1. We consider both cases more closely. 
We shall use the notation of words and write an a at place m if m E S~, a b if 
m c $2 and a c i fm c $3. 
The case 0 = 1. We may assume that some c occurs, since otherwise we have a 
complementary pair of Sturmian bisequences. However, since the density of $3 
is 0, all n-blocks contain either 0 or 1 symbol c, hence c occurs exactly once. The 
two neighbours of c have to be distinct, since every block of length 3 should 
contain an a and a b. Hence there exists a block of length 2 without an a and one 
without a b. Then every block of length 2 can contain at most one a and at most 
one b. This implies that the structure of the word is 
•. .  abababcababab. . ,  or . . .  bababacbababa. . .  
The elements a and b occur by turn, whence the complementary triple is of the 
claimed type. 
I The densities of SI, S 2 and $3 are ½. I f  the corresponding The case 0 5" 
Sturmian word has period abc or acb, then the complementing triple is of the 
claimed type. By the Sturmian requirements we know that no two consecutive 
letters can be equal. So, by permuting the letters, if necessary, we may assume 
that we have the pattern 
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. . .  aOa . . .  
somewhere. Every block of  length 4 or 5 contains at least one a, one b and one c, 
and at most two of  each. Hence the pattern extends to 
. . .bcabacb . . . .  
This 7-block now extends uniquely, and hence periodically to the right with 
period bac  (and thus, by symmetry, to the left with period bca): since bb and cbc 
do not occur, b has to be followed by a. Also a cannot be followed by a or b, 
since aa does not occur and the (3n + l) - block abac . . ,  bacbab would then 
contain merely n - 1 c's. Similarly c has to be followed by b, since otherwise the 
(3n + 2)-block abac . . ,  baca  would contain n + 2 a's. This completes the proof  
of  our claim. [] 
5. COMPLEMENTARY TR IPLES  WITH D IST INCT DENSIT IES  
Suppose we have a complementary triple of  Sturmian bisequences S1, $2, $3 
with distinct densities 0~,02, 03, respectively. We assume 01 > 02 > 03. Hence 
01 + 02 + 03 = 1, 01 > -~, 03 < 3" Since 01 > 02, there are infinitely many pairs 
of  a's with no b's in between. Since 03 < 3, cc does not occur. Hence at least one 
of the patterns 
aca and aa 
occurs. Since 02 > 03~ there are infinitely many pairs of  b's with no c's in be- 
tween. Let k be the number  of  a 's  between such a pair of  b's. Since 01 > 3, we 
have k _> 1. Somewhere a c will occur. Since every k-block contains at least 
k - 1 a's, we have the following pattern 
a - . -a  c a - - -a .  
k 1 k 1 
Apparently we have a (2k - 1)-block without a b. Hence every (2k - l)-block 
has at most one b. Since, by definition of  k, there is a (k ÷ 2)-block with two b's, 
we find 2k - 1 < k ÷ 2, whence k _< 2. 
Suppose there is no 2-block of  a's. Then the pattern aca occurs and only 
k = 1 is allowed so that also the pattern bab occurs. However, it is impossible 
that there is a 3-block without a b and a 3-block with two b's. Thus the pattern 
aa occurs and every 2-block contains at least one a. 
Suppose there is a 3-block bab. Since every c has neighbours a, we have again 
a 3-block without b's and one with two b's, which is impossible. We conclude 
that k = 2 and that there are 6-blocks abaaba.  Hence every 6-block contains at 
most one c, and every 4-block contains at least one b. 
Because of  the above discovered rules we find that around any c the pattern is 
as follows: 
• abacaba  , .  
It follows that every 5-block has at most three a's and that every 3-block has at 
most two a's and at most one b. The • cannot be a b or a c and should therefore 
be a. From now on we can continue in only one way: 
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*abacabaabacaba  *. 
Every ,  on the right stands for abacaba, and on the left for .abaeaba. It follows 
that the only complementary triple of  Sturmian bisequences with distinct den- 
sities has period abacaba with densities 01 = 4,02 = 7, 03 = -~. 
Combining all cases we have proved the following result. 
Theorem. A complementary t iple of Sturmian bisequences ither originates from 
any Sturmian bisequence S by splitting S into two bisequences the terms of which 
alternate and taking the complement ofS as the third bisequence, or corresponds 
with the Sturmian word with period abacaba. 
6. LOEVE'S QUESTION 
Let c~ and/3 be rational numbers. The number of  elements of the bisequences 
S = {[~m+/3]  Im E Z} in a n-block is either L~-lnj or [&-in]. Hence S is 
Sturmian. Without loss of generality we may assume that the denominator  of/3 
is equal to the denominator  r of ~ and that a > 1. The complement of  S consists 
of integers q such that q - c~ + 1 _< c~m +/3 < q for some integer m, that is of 
integers q such that q - c~ + 1 - qc~ < c~m +/3 + ( l / r )  - qc~ _< q - qc~ for some 
integer m, that is of  integers q such that 
c~ 13+r 1 
q_<(q-m)  ~-1  o~-1  < q +1 for some integerm, 
that is the set { ~(ct/(c~ - 1))m - ((/3 + r -1 ) / (~ - 1))~ I m E 77} which is also of 
type { lTm+6J lm C 77}. Note that S can be split into two bisequences 
{ L2c~m +/3J I m ¢ 2~} and { [2c~m + (c~ +/3)J I m E 77} whose elements occur al- 
ternately. Finally we observe that the Sturmian word with period abacaba cor- 
responds with the bisequences {L 7 m + 3 j I m C Y}, { [ ~- m + 3 ] I m E 77} and 
{ 17m + 3~ I m E 77}. Thus by applying the theorem we obtain the following 
answer to Loeve's question [5, p. 126]: 
Corollary. I f  ~l  ~ 0:2, o~3, ~1,/32,/33 are rational numbers such that every integer has 
exactly one representation [eqm +/31J, Lc~2m ÷/32J or [c~3m +/33J for some in- 
teger m, then either two of the c~i's are equal or {cq, c~2, c~3} = { 4, 2, 1 }. 
(The condit ion is also sufficient for the existence of  three such bisequences 
which form a splitting of 2 3 
Remark. One can define Sturmian sequences and Sturmian words on the posi- 
tive integers completely analogously to the concepts used above. The theorem, 
corol lary and proofs can be carried over mutatis mutandis. 
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